Abstract We investigate the asymptotic behaviour of Lp extremal polynomials for p > 0 on the unit circle plus a denumerable set of mass points, with only Szeg} o's condition imposed on the absolute part of the measure.
Introduction
This paper deals with the asymptotic behavior of L p extremal polynomials (0 < p < 1) outside the unit circle under only Szeg} o's condition. More precisely, we highlight some results regarding the asymptotics of this class of polynomials. The study of the asymptotics of L p extremal polynomials is of great interest in the theory of general orthogonal and extremal polynomials. It is a generalization of the widely known problem of the asymptotic of polynomials orthonormal with 1319-5166 ª 2011 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.
respect to a positive measure with an infinite compact support. The results on the extremal polynomials over the circle have applications to stochastic processes, Toeplitz operators, random matrix theory scattering theory, rational approximation, eigenvalue problems, Fourier expansion, best ratio approximation. . .
Until now most of the results on the asymptotic theory of orthogonal polynomials, have concentrated on orthogonal polynomials for which the measure of orthogonality is perturbed by an infinite set of mass points outside the segment [9] or the unit circle [8] and the only requirement on the absolute part of the measure is Szeg} o's condition. Lastly research on this subject has been mainly due to Bello Hernandez and Minguez Ceniceros [1] , Kaliaguine [3] , Khaldi [4, 5] , Li and Pan [6] , Lubinsky and Saff [7] , Nazarov et al. [8] , Peherstorfer and Yudiskii [9] , where the case of measure supported on the segment, circle, curve and arc has been hardly touched. In this sense, our main result is related to prove the asymptotic of Lp extremal polynomials for p > 0, on the unit circle plus a denumerable set of mass points, with only Szeg} o's condition imposed on the absolute part of the measure. Up to now, the only known results in this direction were obtained by Peherstorfer and Yudiskii [9] , their results concerned the orthogonal polynomials (p = 2) on the segment plus a denumerable set of mass points, and by Nazarov et al. [8] concerning the circle. This problem is known to be interesting and difficult to analyze and the results of this paper are new and can be considered as a contribution to the evolution of this field. This paper is organized as follows: We give in Section 2 some basic definitions and notations to be able to state our results, we also recall the definition of Hardy space, Szeg} o function, and expose the extremal problems in Hardy spaces. Our main results, namely Theorem 3.1 and Corollary 3.1 are proved in Section 3.
Preliminaries and extremal problems
We define the L p (r) extremal polynomials associated to the measure r as the monic polynomials T(z) = z n + Á Á Á that minimize the L p (r) norm in the set of monic polynomials of degree n:
where
; ris a finite positive Borel measure with an infinite compact support in the complex plane and P n is the set of polynomials of degree n. For p = 2, the L 2 (r) extremal polynomials are exactly the orthogonal polynomials associated to the Borel measure r.
The main result of the present paper is the study of the L p (r) extremal polynomials T n,p (z) outside the unit circle C, where the measure r has a decomposition of the form
l is a measure supported on the unit circle C :¼ fz 2 C : jzj ¼ 1g and is absolutely continuous with respect to the Lebesgue measure dh on [Àp, +p], that is:
and c is a point measure supported on fz k g 1 k¼1 ; ðjz k j > 1Þ, that is:
Next, we give some materials that will be used in the study of the asymptotics of extremal polynomials. 
where C R = {z 2 G : OEz OE = R}. For 0 < p < 1, H p (G,q) as defined above is a quasi-Banach space. We give an important property of the Hardy space H p (G,q):
, then for every compact set K Ì G, there exists a constant C K such that:
Asymptotics of extremal polynomials off the unit circle Let K be a compact set, a n;1 ; . . . ; a n;k 2 C n K be given points and F n be the set of functions of the form p n ðzÞ ¼ b n;0 z n þ b n;1 z nÀ1 þ . . . þ b n;n ðz À a n;1 Þðz À a n;2 Þ . . . ðz À a n;n Þ :
Let f be a continuous function on K and r n (f) be the best approximation to f(z) on K in the class F n in the sense of Chebyshev, that is,
Theorem 2.1 [10] . Let the points a n,k satisfy OEa n,k OE > 1. A necessary and sufficient condition to have lim n!1 r n ðfÞðzÞ ¼ fðzÞ;
uniformly in OEz OE 6 1, for every such function f analytic in OEz OE 6 1, is that
1 À 1 a n;k ¼ þ1:
Extremal problems in the H p (G,q) spaces
For 0 < p < 1, we denote by l(q) and l 1 (q) the extremal values of the following problems: 
We denote by u * and w the extremal functions of problems (4) and (5) respectively. It is proved in Khaldi [4] 
is the Blaschke product and the extremal values are connected by
3. Asymptotics of extremal polynomial
Þ is said to belong to the class A, if the absolutely continuous part l satisfies the Szeg} o condition (3) and the discrete part satisfies the condition:
Remark 3.1. Condition (8) is natural as it guarantees the convergence of the Blaschke product (6) . Now, we state our main result 
On the other hand, applying the residue theorem to this integral and the fact that B ' (1) = 1, it yields Z T Q n;p ðt; rÞ t n B ' ðtÞDðtÞ dmðtÞ
Now, since A k Q n;p ðz k ; rÞ p 6 kQ n;p ðz k ; rÞk p L p ðrÞ ¼ 1, then Q n;p ðz k ; rÞ 6 A À1=p k for any n. From this and the fact that OEz k OE > 1, we get
Combining (10) and (11) we obtain for all ' Z T Q n;p ðt; rÞ t n B ' ðtÞDðtÞ dmðtÞ ¼ 1 m n;p ðrÞDð1Þ þ e n where e n fi 0 as n fi 0. Taking into account (9) and (7), we see that lim inf n!1 m n;p ðrÞ P p
Now let us prove that limsup n!1 m n;p ðrÞ 6 l 1 ðqÞ ð Þ 1=p Let T n,p (z,a) be the monic extremal polynomial with respect to absolute continuous part a of the measure r. First, since the function u b ðzÞ ¼ B ' T n;p ðz;aÞ z n is analytic in G ¼ fz 2 C : jzj P 1g [ f1g, then from Theorem 2.1, there exists a sequence Second, from the extremality of T n,p (z,a) we can easily see that the sequence fm n;p ðqÞ ¼ kT n;p ðz; aÞk L p ðl=2pÞ g 1 n¼1 is decreasing, indeed We deduce from this inequality that there exists a constant C independent of n such that max jz m n T n;p ðz; aÞj p : jzj 6 2 È É 6 C:
On the other hand, Geronimus [2] has proved that Proof. We prove (i) in two steps.
First step: For 0 < p < 1, we apply Lemma 3.1 to the sequence T n;p ðzÞ z n =u Ã ðzÞ with w = 1/z.
Second step: For 1 6 p < 1, we obtain (i) by proceeding as in [3] .
To prove (ii) we apply Lemma 2.1, for the function e n ðzÞ ¼ T n;p ðzÞ z n À w 
:
This achieves the proof of Corollary 3.1. h
